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DIRECTED DIAGRAMMATIC REDUCIBILITY
JENS HARLANDER AND STEPHAN ROSEBROCK
Abstract. We introduce the notion of directed diagrammatic reducibility which is a rel-
ative version of diagrammatic reducibility. Directed diagrammatic reducibility has strong
group theoretic and topological consequences. A multi-relator version of the Freiheitssatz
in the presence of directed diagrammatic reducibility is given. Results concerning relative
asphericity and pi1-injectivity of subcomplexes are shown. We generalize the Corson/Trace
characterization of diagrammatic reducibility to directed diagrammatic reducibility. We
compare diagrammatic reducibility of relative presentations to directed diagrammatic re-
ducibility. Classical tools for showing diagrammatic reducibility, such as the weight test,
the max/min test, and small cancellation techniques are adapted to directed diagram-
matic reducibility. The paper ends with some applications to labeled oriented trees.
Keywords: Diagrammatic reducibility, asphericity, 2-complexes, group-presentations, weight
test
MSC 2010: 57M20, 57M05, 57M35, 20F06
1. Introduction
A 2-complex K is called aspherical if π2(K) = 0. If L is a subcomplex of a 2-complex K
then the pair (K,L) is called aspherical if π2(K,L) = 1. From the long homotopy sequence
for pairs
. . .→ π2(L)→ π2(K)→ π2(K,L) → π1(L)→ π1(K)→ . . .
we see that π2(K,L) = 1 if and only if the inclusion induced map
π2(L)→ π2(K)
is surjective and the inclusion induced map
π1(L)→ π1(K)
is injective. Asphericity is central to many aspects in low dimensional topology and com-
binatorial group theory.
There are combinatorial versions of asphericity, the strongest being diagrammatic re-
ducibility, or DR for short. Recall that a map between 2-complexes is called combinatorial
if it maps open cells homeomorphically to open cells. For a 2-complex K, a combinato-
rial map f : C → K is called a spherical diagram, if C is a 2-sphere with cell structure.
A 2-complex K is diagrammatically reducible, DR for short, if every spherical diagram
f : C → K contains an edge e so that the 2-cells in C that contain e in their boundary
map to the same 2-cell in K with opposite orientations by folding over e. The edge e is
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called a folding edge in C. Diagrammatic reducibility is a 2-dimensional version of free
reductions of cycles in a graph. It was first considered by Sieradski [10]. See Gersten [4] for
a good overview of diagrammatic techniques with applications to combinatorial topology
and group theory.
A presentation P defines a 2-complex K(P ) and a group G(P ) which is the fundamental
group of K(P ) by Van Kampen’s theorem. A presentation P is called DR if its associated
2-complex K(P ) is DR. For a set X call a subset S proper if S 6= X (S may be empty). If S
is a proper subset of the set of generators of P let PS be the sub-presentation of P carried
by S. We say P is DR directed away from S if every spherical diagram f : C → K(P ) that
is not already a diagram over K(PS) contains a folding edge that is mapped to an edge in
K(P ) that is not an edge in K(PS).
Here is an outline of the paper. In Section 2 we show that if P is DR directed away from
S then π2(K(P ),K(PS)) = 1. In particular the inclusion K(PS) → K(P ) is π1-injective
and π2-surjective. We provide basic examples and give, as our first application, a multi-
relator Freiheitssatz for presentations P that are DR in all directions. In Section 3 we
characterize directed diagrammatic reducibility in terms of finite subcomplexes of K˜(P ),
the universal covering of K(P ). In the standard DR setting this was done by Corson and
Trace [3]. In Section 4 diagrammatic reducibility of relative presentations introduced by
Bogley and Pride in [1] is compared with directed diagrammatic reducibility. We show
that the two concepts are equivalent. However, the viewpoints are very different. In the
Bogley/Pride setting, the starting point is a relative presentation where the generators are
a free product H ∗ F (x), where H is fixed. We start with an ordinary presentation on
generators x and consider DR directed away from a proper subset S ⊆ x, where S is not
necessarily fixed but can vary over x. This enables us to consider the idea of diagrammatic
reducibility in all directions. We can formulate a natural multi-relator Freiheitssatz in
Corollary 2.5. Retaining combinatorial information about the subpresentation PS carried
by the subset S of generators of P rather than only keeping its fundamental group and
passing to a relative presentation, might give an advantage in designing tools for detecting
DR in the two settings. Such tools, a max/min and a weight test for showing directed
diagrammatic reducibility are given in Section 5. Theorem 6.1 and the examples we exhibit
at the end of Section 6 might have been overlooked from a purely relative presentation
point of view.
We conclude this introduction with some remarks about diagrams. In this paper we
consider surface diagrams where the surface can be different from a sphere. A surface
diagram over a 2-complex K is a combinatorial map f : F → K, where F is a compact
surface, possibly with boundary, with a cell-structure. If c is a cell in F , we call f(c) the
label on F . The labeled cell-complex F contains all the information of the combinatorial
map f , and we sometimes refer to the labeled F as a surface diagram over K. However,
keeping the map point of view is useful as we see in Section 3.
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We are primarily concerned with 2-complexes and groups defined by a finite presentation
P = 〈x1, . . . , xn | r1, . . . , rm〉.
Recall that K(P ) is the 2-complex with one vertex, edges and 2-cells in one-to-one corre-
spondence with the generators and relators respectively. The 2-cell ∆(r) for the relator r
is attached to the one skeleton according to the word r. The universal cover K˜(P ) has as
vertex set the elements of G(P ), oriented edges (g, xi), g ∈ G(P ), 1 ≤ i ≤ n, and 2-cells
(g, rj), g ∈ G(P ), 1 ≤ j ≤ m. The 1-skeleton of K˜(P ) is also referred to as the Cayley
graph of G(P ) associated with the set of generators. The boundary of (g, rj) is the lift of
the path rj to the Cayley graph, starting (and ending) at g.
2. Directed diagrammatic reducibility
As was mentioned in the introduction, a 2-complex K is called diagrammatically re-
ducible (or DR for short) if each spherical diagram f : C → K contains a folding edge.
Definition 2.1. Let P = 〈x1, . . . , xn | r1, . . . , rm〉 be a presentation and S a proper subset
(possibly empty) of the set of generators. We say that P is
• DR directed away from S if every spherical diagram f : C → K(P ) that contains
an edge with label not from S also contains a folding edge with label not from S;
• DR in all directions if every spherical diagram f : C → K(P ) that contains an edge
labeled xi also contains a folding edge with label xi, i = 1, . . . , n. Note that this
implies that P is DR directed away from all proper subsets S.
If S = ∅ then DR directed away from S simply means DR.
Examples and Comments:
1) Just like DR, directed DR is a hereditary property: Let T be a sub-presentation of a
presentation P and let S be a subset of the set of generators of T . Then if P is DR directed
away from S so is T . If P is DR in all directions, then so is T .
However, a presentation P can be DR directed away from S but not DR directed away
from some S0 ⊂ S. Here is an example. Suppose that
P = 〈a, b, c | aba−1b−2, bab−1a−2, cab〉.
Note that G(P ) is the trivial group. P is DR away from S = {a, b}. This is because if a
spherical diagram f : C → K(P ) contains an edge e with label not in S, then the label on
e is c. Since c is a free edge in K(P ), this implies that e is a folding edge in C. Note that
P is not DR directed away from S0 = {a} by Theorem 2.2 (2) below. The presentation
is also not DR because the subpresentation P0 = 〈a, b, c | aba
−1b−2, bab−1a−2〉 is not DR.
The 2-complex K(P0) is simply connected but does not have a free edge (see Corson/Trace
[3], and also Section 3 in this article).
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2) Subdivisions preserve DR but not directed DR. Consider P = 〈a, b | aba−1b−1〉 and
P ′ = 〈a, b, c | abc, c−1a−1b−1〉. Then P is DR in all directions (see the next example) but
P ′ is not DR directed away from S = {a, b}: the two triangles coming from the relators
can be glued together to form a disc-diagram that contains an edge labeled c but not a
folding edge labeled c. Thus P ′ is not DR directed away from S by Theorem 2.2.
3) Direct products of graphs are DR in all directions. Consider
P = 〈x1, . . . , xm, y1, . . . , yn | [xi, yj ], 1 ≤ i ≤ m, 1 ≤ j ≤ n〉.
The presentation P is DR in all directions. Let f : C → K(P ) be a spherical diagram
that contains an edge labeled by yk. We will show that there is a folding edge labeled
by yk. If d is a 2-cell in C with two of its edge labels yk, then draw a red line across d
connecting the midpoints of these two edges. The red graph in C we draw in this way
consists of red circles. Take one of these red circles and consider the gallery of 2-cells
that comes with it. This gallery forms an annulus A, the two boundary circles are labeled
by a word w in the x’s. Edges connecting the two boundary circles are all labeled by
yk. Since the subgroup of G(P ) generated by x1, . . . , xm is free, the word w must contain
a cancelling pair xǫix
−ǫ
i . Thus the annulus A contains a cancelling pair of 2-cells labelled
by [xi, yk]
ǫ[xi, yk]
−ǫ with a folding edge labeled by yk. The argument for an xk is analogues.
4) Orientable closed surfaces are DR in all directions. Let
P = 〈x1, x2, . . . , x2g−1, x2g | [x1, x2] . . . [x2g−1, x2g]〉
be the standard presentation of the fundamental group of an orientable surface of genus g.
Then P is DR in all directions. Let f : C → K(P ) be a spherical diagram that contains
an edge labeled by x1, say. We will show that there is a folding edge labeled by x1. Just
as in the previous example, C contains an annulus A with the two boundary components
labeled by words u and v in {x2, . . . , x2g}. Edges connecting the boundary components
are all labeled with x1. Since the subgroup of G(P ) generated by x2, . . . , x2g is free, the
words u and w must contain a cancelling pair of letters. Hence the annulus A contains a
cancelling pair of 2-cells with folding edge labeled by x1.
Let P = 〈x1, . . . , xn | r1, . . . , rm〉 be a presentation and S a subset of the generators.
Let PS be the subpresentation of P carried by S.
Theorem 2.2. Suppose that P is DR directed away from the proper subset S of the gener-
ators. Then every disc diagram g : D → K(P ) with boundary labeled by a word in S, that
contains a label not from S, has a folding edge with label not from S. Consequently
(1) π2(K(P ),K(PS)) = 1;
(2) The inclusion K(PS)→ K(P ) is π1-injective;
(3) The inclusion K(PS)→ K(P ) is π2-surjective;
Proof. Suppose g : D → K(P ) is a disc diagram as in the statement of the theorem. If
S 6= ∅ glue D to −D to obtain a spherical diagram g′ : C → K(P ) containing a label not
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from S. If S = ∅ then D is already a spherical diagram and D = C. Since P is DR away
from S this spherical diagram contains a folding edge with label not from S. Thus the
original disc diagram has to contain a folding edge with label not from S. In particular
every reduced disc diagram with boundary label a word in S is already a disc diagram
over PS . This directly implies (2) and (1). The statement (3) follows from (1) by the long
homotopy sequence of pairs. 
We recall the Freiheitssatz for 1-relator groups: Suppose P = 〈x1, . . . , xn | r〉 is a 1-relator
presentation, where r is a cyclically reduced word that contains all the generators. Then
any proper subset S of {x1, . . . , xn} generates a free subgroup of G(P ) with basis S. The
following three results should be viewed as multi-relator versions of this celebrated result.
Theorem 2.3. Let P = 〈x1, . . . , xn | r1, . . . , rm〉 be a presentation with cyclically reduced
relators. Assume that P is DR in all directions. Then the inclusion induced homomorphism
G(PS)→ G(P ) is injective for every subset S of the generators.
Proof. If S is the set of generators of P then G(PS) = G(P ) and the statement is true.
If S is a proper subset of the set of generators then the result follows from Theorem 2.2
using the fact that P is DR directed away from S. 
Theorem 2.4. Let P = 〈x1, . . . , xn | r1, . . . , rm〉 be a presentation with cyclically reduced
relators and S a proper subset of the generators. Assume that each ri contains a generator
not from S. If P is DR directed away from S, then S generates a free subgroup of G(P )
with basis S.
Proof. Since each ri is a reduced word that contains a generator not from S we have that
PS = 〈S | 〉 and G(PS) is free. Now Theorem 2.2 (2) gives the desired result. 
Corollary 2.5. Let P = 〈x1, . . . , xn | r1, . . . , rm〉 be a presentation where each ri is a
reduced word that contains all the generators. If P is DR in all directions, then any proper
subset S of {x1, . . . , xn} generates a free subgroup of G(P ) with basis S.
3. Corson/Trace for directed diagrammatic reducibility
If K(P ) is the 2-complex build from the presentation P let K˜(P ) be its universal cover
and K˜(P )(1) the 1-skeleton of the universal cover. In [3] Corson and Trace have shown the
following result:
Theorem 3.1. A presentation P is DR if and only if every finite subcomplex of K˜(P )
collapses into the 1-skeleton K˜(P )(1).
In this section we retell the Corson/Trace story in the context of directed DR.
Lemma 3.2. Let P be a finite presentation and let S0 be the subset of the generators which
correspond to the free edges in K(P ). Let x be a generator contained in a relator but not
in S0. Then there exists a closed oriented surface diagram f : F → K(P ) that contains an
edge labeled by x, which is reducible only at edges labeled by elements from S0.
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Proof. To avoid an excessive amount of subscripts we use letters a, b, c, . . . for the set of
generators in P . For every relator r draw two |r|-gons ∆(r) and ∆(r−1) in the plane. Orient
the edges of these |r|-gons and label them according to the relator r, using subscripts. For
example if r = abab−1ac then label the edges of ∆(r) clockwise by
a1(r), b1(r), a2(r), b
−1
2 (r), a3(r), c1(r)
and ∆(r−1) counter-clockwise by
a1(r
−1), b1(r
−1), a2(r
−1), b−12 (r
−1), a3(r
−1), c1(r
−1).
Note that the number of edges on the 2m discs ∆(ri), ∆(r
−1
i ), i = 1, ...,m, with labels of
the form a∗(∗) is even, equal to 2 if a is a free edge of K(P ), otherwise greater or equal
to 4. The same holds true for every other generator letter. We now match edges of the
2m discs in pairs. If a ∈ S0 is a free edge that occurs only once among the set of relators,
say in r, then match a1(r) and a1(r
−1). If a is not a free edge then match ai(rk) with any
aj(r
±1
l ), but avoid the match with ai(r
−1
k ). One concrete way to do this is the following:
Define
L+(a) : a1(r1), a2(r1), . . . , a1(r2), a2(r2), . . . , a1(r3), a2(r3), . . .
L−(a) : a1(r
−1
1 ), a2(r
−1
1 ), . . . , a1(r
−1
2 ), a2(r
−1
2 ), . . . , a1(r
−1
3 ), a2(r
−1
3 ), . . .
Cyclically match item N on the L+(a) list with item N + 1 on the L−(a) list. Proceed
in this fashion with all generators a, b, c, . . .. This way we build a surface, possibly with
boundary, possibly consisting of more than one component. Let F0 be a component that
contains an edge xi(rk). If we erase from the edge labels all information except the letter
(for example ai(r
±1
j ) becomes a), we obtain a closed surface diagram f0 : F0 → K(P ) that
contains the label x. Passing to the 2-fold orientable covering F of F0 we obtain a closed
orientable surface diagram f : F → K(P ) that contains the label x. By construction F is
reducible only at edges with labels from S0. 
Here is a topological version of this lemma.
Lemma 3.3. Let X be a 2-complex and let E0 be the set of boundary edges of X. Let e be
a fixed edge that is part of a 2-cell of X and is not a boundary edge. Then there exists a
closed oriented surface diagram F → X so that F contains an edge labeled by e and F is
reducible only at edges which carry labels from E0.
Let P be a presentation and w be a word in the generators of P that represents the trivial
element in G(P ). Then there exists a Van Kampen digram Dw → K(P ) with boundary
word w. This is a combinatorial map where Dw is a tree of discs. Here is the Corson/Trace
result for directed DR. The original Theorem 3.1 is covered by the case S = ∅.
Theorem 3.4. The presentation P is DR directed away from S if and only if every finite
subcomplex X ⊆ K˜(P ) can be collapsed into p−1(K(PS)) ∪ K˜(P )
(1).
Proof. Suppose first that P is DR directed away from S. Let X be a finite subcomplex of
K˜(P ) that is not already contained in p−1(K(PS))∪ K˜(P )
(1). We may assume every edge
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of X is part of a 2-cell. It suffices to show that X has a boundary edge that is not contained
in p−1(K(PS)). We will show this by contradiction. Let E˜0 be the set of boundary edges of
X and assume that E˜0 ⊆ p
−1(K(PS)). Then p(E˜0) = S0 ⊆ S. By Lemma 3.3 there exists
a closed oriented surface diagram f˜ : F → X ⊆ K˜(P ) so that f˜(F ) is not contained in
p−1(K(PS)) and folding edges in F (should there be any) are mapped to E0. We consider
the composition
f : F → X ⊆ K˜(P )
p
→ K(P ).
Note that f : F → K(P ) is a closed oriented surface diagram so that f(F ) is not contained
inK(PS) and folding edges in F (should there be any) are labeled by elements from S0 ⊆ S.
Since f˜ is a lift of f , closed edge paths in F are labeled by words w in the generators of P
that represent the trivial element in G(P ). We now proceed as in the proof of Lemma 2.1
of Corson/Trace [3]. Choose a complete set of closed cutting curves γ1, . . . , γk in F (cutting
along all γi would transforms F into a simply-connected region of the plane). Since the
f(γi) are trivial in G(P ) we have a tree of disc-diagram Dγi for each γi. Form a 2-complex
L by attaching Dγi to F for every i. We have
(1) L ⊆ S3 is a simply connected 2-skeleton of a cell decomposition of the 3-sphere S3;
(2) we have combinatorial maps F
α
→ L
β
→ K(P ) so that f = β ◦ α.
Let L′ be a 2-complex that has the minimal number of 2-cells among all 2-complexes that
satisfy the two conditions just stated. Note that L′ can not contain a 2-cell d′ with a free
edge e′ with label x /∈ S. Suppose it does. Then there is no edge e in F so that α(e) = e′,
because such an edge e would be a folding edge in F with label x /∈ S, which we know does
not exist. Thus we can collapse d′ in L′ and contain a 2-complex that satisfies our two
conditions and contains fewer 2-cells than L′. A contradiction to minimality. We should
note that we do not rule out free edges in L′ with label in S.
Consider a spherical diagram h′ : C → L′ that arises as an attaching map of a 3-cell
of S3 so that the composition h = β ◦ h′ : C → K(P ) does not entirely map into K(PS).
Such an attaching map exists because otherwise β(L′) and hence f(F ) would be entirely
contained in K(PS), which is not the case. Note that the spherical diagram h : C → K(P )
does not contain a folding edge with label x /∈ S. If it does, a fold could be performed in
L′ to obtain a 2-complex that satisfies our conditions and contains fewer 2-cells than L′. A
contradiction to minimality. The existence of the diagram h : C → K(P ) contradicts the
hypothesis that P is DR directed away from S. So the assumption p(E0) = S0 ⊆ S is false.
Now we prove the other direction. Let f : C → K(P ) be a spherical diagram so that
f(C) is not contained in K(PS). Let f˜ : C → K˜(P ) be a lift and let X = f˜(C). Then X
is not contained in p−1(K(PS)) ∪ K˜(P )
(1) and hence contains a boundary edge e˜ not in
p−1(K(PS)). The edge e in C such that f˜(e) = e˜ is a folding edge in f : C → K(P ) and
f(e) = x /∈ S. 
Corollary 3.5. Suppose P presents a finite group. Then P is DR directed away from S
if and only if K(P ) collapses into K(PS).
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Proof: Since we assume that G(P ) is finite K˜(P ) is a finite complex. By Theorem 3.4
P is DR directed away from S if and only if K˜(P ) collapses into p−1(K(PS)) ∪ K˜(P )
(1).
A collapsing sequence in the universal cover gives a collapsing sequence downstairs that
collapses K(P ) into K(PS) ∪ K(P )
(1). Since K(P )(1) is a wedge of circles and G(P ) is
assumed to be finite, we have collapsed K(P ) into K(PS). 
4. Relative presentations
In this section we compare diagrammatic reducibility of relative presentations to di-
rected diagrammatic reducibility. The concept of asphericity for relative presentations was
introduced by Bogley and Pride [1]. See also Bogley, Edjvet, Williams [2] for a recent survey.
A relative presentation Pˆ = 〈H,x | rˆ〉 consists of a group H, a generating set x and
relator set rˆ ⊆ H ∗ F (x). Let P¯ be the presentation obtained from Pˆ by forgetting all
the H-information. That is P¯ = 〈x | r¯〉 where r¯ ∈ r¯ is the image of rˆ ∈ rˆ under the
projection H ∗ F (x) → F (x). The 2-complex K(Pˆ ) is the 2-complex K(P¯ ) with corners
marked by elements from H: If rˆ = x1h1x2h2 . . . xtht ∈ rˆ, where xi ∈ x
±1 and hi ∈ H,
then r¯ = x1 . . . xt and we mark the oriented corner from the i-th edge to the (i + 1)-th
edge in the boundary of the 2-cell ∆(r¯) (oriented clockwise) by hi. An example is given in
Figure 1.
In a surface diagram fˆ : Fˆ → K(Pˆ ) the corners in the 2-cells are marked by elements
from H. The corner marking is obtained by pulling back the corner marking of the cells of
K(Pˆ ). We can assign group elements h(v) to the vertices v in the diagram in the following
way: If c1(v) . . . cl(v) is the clockwise corner cycle (or path, in case v is a boundary vertex)
at the vertex v, and ci(v) is marked with hi, then h(v) = h1 . . . hl. Note that h(v) is defined
only up to cyclic permutation in case v is an interior vertex.
x1
x2 x3
h1 h3
h2
Figure 1. The relator r¯ for rˆ = x1h1x
−1
2 h2x3h3
A spherical diagram fˆ : Cˆ → K(Pˆ ) is admissible if h(v) = 1 for all but possibly one
vertex v0 of Cˆ. A relative presentation is defined to be DR if every admissible spherical
diagram has a folding edge.
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Remark 4.1. Bogley and Pride [1] defined DR for relative presentations in terms of
pictures instead of diagrams. A picture is a connected planar graph labeled in a certain
way. It gives rise to a cell structure of a 2-sphere whose dual yields a spherical diagram.
The regions in a picture correspond to the vertices of the spherical diagram. Given a
picture, a connected planar graph, the outer region is special and singles out one vertex in
the corresponding spherical diagram. The special nature of the outer region is lost when
passing to the diagram.
Given a relative presentation Pˆ = 〈H,x | rˆ〉 one can construct its cellular model, a cell
complex whose homotopy type is uniquely determined by Pˆ . Choose a presentation P0 =
〈x0 | r0〉 forH. For each rˆ = x1h1x2h2 . . . xtht ∈ rˆ choose an element r = x1u1x2u2 . . . xtut,
where the ui are words in x0
±1 so that r maps to rˆ under F (x0 ∪x)→ H ∗F (x). Let r be
the set of words obtained in this fashion from the set rˆ and define P = 〈x0∪x | r0∪r〉. Note
that K(P0) is a subcomplex of K(P ). Attach higher dimensional cells to K(P0) ⊆ K(P ) to
arrive at a complex L(Pˆ ) that contains a K(H, 1) complex (the Eilenberg-MacLane space)
as a subcomplex. L(Pˆ ) is a cellular model of Pˆ .
If K is a 2-complex a tree-disc diagram is a combinatorial map f : E → K where E is
a simply-connected planar region with one boundary component consisting of discs joined
by arcs.
Lemma 4.2. (1) Assume H = G(P0) → G(P ) is injective. If there exists a spherical
diagram f : C → K(P ) that carries the label x ∈ x and all of whose folding edges carry
labels from x0, then there exists a reduced admissible spherical diagram fˆ : Cˆ → K(Pˆ ) that
carries the label x.
(2) Conversely, in case H → G(Pˆ ) is injective, an admissible reduced spherical diagram
over K(Pˆ ) that carries the label x gives rise to a spherical diagram over K(P ) that carries
the label x and whose folding edges (in case there are such) all carry labels from x0.
Proof. We prove (1). We first construct a subdivision of K(P ). Consider a clockwise
oriented 2-cell ∆(r), where r = x1u1x2u2 . . . xkuk ∈ r, xi ∈ x
±1 and the ui are words
in x0
±1 (which can be empty). Connect the endpoint of the edge labeled xl with the
beginning of the edge labeled xl+1 (l mod k) by an oriented red corner edge cl(r) and label
it with hl(r), the element of G(P0) represented by ul. Denote by K(P )
′ this subdivided
version of K(P ).
Assume f : C → K(P ) is a spherical diagram as in the statement. We can subdivide C
to obtain a spherical diagram f ′ : C ′ → K(P )′. The red corner edges in C ′ form a directed
red graph Γ that consists of circles. Let F be the closure of the component of C ′ − Γ that
contains an edge with label x. Note that F is a planar surface with red boundary, made
up of red corner edges. All interior edges carry labels not in x0. If c1 . . . ct is the edge
loop that makes up a boundary circle in F , then h1 . . . ht = 1 in G(P0), where hi is the
element of H written on the red corner edge f ′(ci). This is because c1 . . . ct is a loop in
C ′ that is homotopic to an edge loop in C ′ with label u1 . . . ut, a word in x0
±1, where ui
represents hi, and the assumption that G(P0)→ G(P ) is injective. Now if we contract each
boundary circle in F to a point we obtain an admissible spherical diagram fˆ : Cˆ → K(Pˆ ).
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It is reduced because F does not contain folding edges, since we assume that no folding
edge of C carries a label outside of x0. This concludes the proof of (1).
We will now prove (2). Let fˆ : Cˆ → K(Pˆ ) be an admissible reduced spherical diagram.
Let v be a vertex in Cˆ. Note that the corners around v are oriented and marked by el-
ements from H. We remove a small open disc from Cˆ with center v. The boundary we
create is made up of the oriented corners. Let c be one of these corners and suppose it is
contained in a 2-cell d with label rˆ. Suppose rˆ = x1h1x2h2 . . . xkhk ∈ rˆ, xi ∈ x
±1, hi ∈ H.
Suppose further c is the corner between edges labeled xl and xl+1 with label hl. We have
a corresponding relator r = x1u1x2u2 . . . xkuk ∈ r, and ul represents hl. We subdivide
c into an edge path, orient and label edges by elements from x0 so that we obtain ul as
the label on that path. We proceed in this manner at all corners at v, and all vertices
v ∈ Cˆ. We have built a reduced surface diagram f0 : F → K(P ), where F is a planar
surface whose boundary components are labeled by words in x0
±1 that represent elements
h(v) of G(P0) = H. Since we assume all h(v) = 1 in G(Pˆ ) at all but possibly one vertex
v0 and H → G(Pˆ ) is injective, we have that h(v) = 1 in H for all v 6= v0. We can cap the
boundary components of the surface diagram that correspond to vertices v 6= v0 by reduced
tree-disc diagrams over K(P0) to obtain a disc diagram f1 : D → K(P ). The boundary of
D is labeled by a word u in x0 and hence represents the trivial element in G(P ). Since
we assume that H → G(Pˆ ) is injective it follows G(P0) → G(P ) is injective. Thus u
represents the trivial element of G(P0). We cap off the remaining boundary component
by reduced tree-disc diagrams over K(P0) and produce a spherical diagram f : C → K(P )
that contains the label x. Since we started out with fˆ : Cˆ → K(Pˆ ) reduced, folding edges
in f : C → K(P ) have to be edges on the boundary of F , and hence they all carry labels
from x0. 
Theorem 4.3. Let Pˆ = 〈H,x | rˆ〉 be a relative presentation and P = 〈x0 ∪ x | r0 ∪ r〉 be
the presentation obtained from the 2-skeleton of a cellular model L(Pˆ ). Then Pˆ is DR if
and only if P is DR directed away from x0.
Proof. Assume first that P is DR directed away from x0. Assume we have an admissible
reduced spherical diagram Cˆ → K(Pˆ ). Since it is not empty it must carry a label x ∈ x.
Since P is DR directed away from x0 we know from Theorem 2.2 (2) that G(P0) = H
injects into G(P ) and thus H injects into G(Pˆ ). By Lemma 4.2 (2) there exists a spherical
diagram C → K(P ) that carries the label x ∈ x whose folding edges (should there be such)
all carry labels from x0. This contradicts the assumption that P is DR away from x0.
Now assume that the relative presentation Pˆ is DR. It follows that H → G(Pˆ ) is in-
jective (see statement (0.1) of [1]). Let C → K(P ) be a spherical diagram that carries an
edge label x ∈ x, all of whose folding edge labels are from x0. By Lemma 4.2 (1) there
exists an admissible reduced spherical diagram Cˆ → K(Pˆ ) that carries the edge label x.
But this contradicts the DR assumption. 
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Any result about directed diagrammatic reducibility has a translation into a result about
diagrammatically reducible relative presentations and vice versa. We will next give a
version of our generalized Corson/Trace Theorem 3.4 for relative presentations. Let L(Pˆ )
be a cellular model of a relative presentation Pˆ that is DR. Let p : L˜(Pˆ ) → L(Pˆ ) be the
universal covering. Since H → G(Pˆ ) is injective, the preimage p−1(K(H, 1)) is a disjoint
union of complexes, each being the universal covering of K(H, 1) and hence a disjoint union
of contractible complexes. We contract each component of p−1(K(H, 1)) to a point and
arrive at a simply connected 2-complex Y . Denote the quotient map by q : L˜(Pˆ )→ Y .
Theorem 4.4. The relative presentation Pˆ is DR if and only if every finite subcomplex of
Y collapses into Y (1).
This result is due to Bogley, Edjvet and Williams and can be found in the proof of The-
orem 3.6 in [2]. It also follows directly from our results: Let Pˆ = 〈H,x | rˆ〉 be a relative
presentation and P = 〈x0 ∪ x | r0 ∪ r〉 be the presentation obtained from the 2-skeleton
of a cellular model L(Pˆ ). Now Pˆ is DR if and only if P is DR directed away from x0 by
Theorem 4.3, and that is the case if and only if every finite subcomplex of K˜(P ) collapses
into p−1(K(P0))∪K˜(P )
(1) by Theorem 3.4. It is not difficult to see that the last statement
is equivalent to saying that every finite subcomplex of Y collapses into Y (1). Note that
K˜(P ) is the 2-skeleton of L˜(Pˆ ), so the quotient map restricts to q : K˜(P ) ⊆ L˜(Pˆ ) → Y .
If Y ′ is a finite subcomplex of Y then q−1(Y ′) might not be finite, but it is finite outside
of p−1(K(P0)). So there exists a finite subcomplex X of K˜(P ) so that q(X) = Y
′. A
collapsing strategy of X yields one for Y ′ and vice versa.
We end this section with a simple lemma that will be useful for establishing directed
DR in concrete situations. Let φ : H1 → H2 be a group homomorphism and suppose
Pˆ1 = 〈H1,x | rˆ〉 is a relative presentation. If rˆ = x1h1x2h2 . . . xkhk, where the xi ∈ x
±1,
hi ∈ H, define φ(rˆ) = x1φ(h1)x2φ(h2) . . . xkφ(hk). Then we have a relative presentation
Pˆ2 = 〈H2,x | φ(rˆ)〉. We write
φ : Pˆ1 = 〈H1,x | rˆ〉 → Pˆ2 = 〈H2,x | φ(rˆ)〉.
Lemma 4.5. Suppose we have φ : Pˆ1 → Pˆ2. If Pˆ2 is DR, then Pˆ1 is so as well.
Proof. If fˆ1 : Cˆ → K(Pˆ1) is an admissible spherical diagram then the spherical diagram
fˆ2 = φ ◦ fˆ1 : Cˆ → K(Pˆ2) is admissible as well. Topologically the two diagrams are the
same, but a corner marked h in the first diagram is marked φ(h) in the second. Since we
assume that Pˆ2 is DR, the second diagram contains a folding edge. But this folding edge
is also present in the first diagram. 
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5. Tests for directed DR
Let T1 = 〈x1, . . . , xk | r1, . . . , rl〉 and T2 = 〈y1, . . . , yp | s1, . . . , sq〉 be presentations. Sup-
pose we have a map φ0 : F (x1, . . . , xk)→ F (y1, . . . , yp) that induces a group homomorphism
G(T1) → G(T2). We can extend φ0 to φ : F (x1, . . . , xn) → F (y1, . . . , yp, xk+1, . . . , xn) by
defining φ(xi) = xi for i > k. Now let P1 be a presentation of the form
P1 = 〈x1, . . . , xk, xk+1, . . . , xn | r1, . . . , rl, rl+1, . . . , rm〉.
We assume each relator rj, j > l, contains a generator xi, i > k, so that PS1 = T1 for
S1 = {x1, . . . , xk}. Define
P2 = 〈y1, . . . , yp, xk+1, . . . , xn | s1, . . . , sq, φ(rl+1), . . . , φ(rm)〉.
We use φ : P1 → P2 as shorthand for the situation just described. Here is Lamma 4.5 in
the directed DR setting.
Lemma 5.1. Suppose we have φ : P1 → P2. If P2 is DR directed away from S2 =
{y1, . . . , yp}, then P1 is DR directed away from S1 = {x1, . . . , xk}.
Proof. We have φ : Pˆ1 → Pˆ2, where Pˆi is the relative presentation obtained from Pi in
the manner described in section 4. Since P2 is DR directed away from S2 it follows from
Theorem 4.3 that Pˆ2 is DR. It follows from Lemma 4.5 that Pˆ1 is DR. Hence, by Theorem
4.3 P1 is DR directed away from S1. 
The simplest choices for T2 is the empty presentation T2 = 〈 | 〉, that is G(T2) is trivial.
Example 5.2. Consider
P1 = 〈x1, . . . , xk, a, b | u1au2bu3a
−1u4b
−1〉 → P2 = 〈a, b | aba
−1b−1〉,
where the ui are words in x
±1
1 , . . . , x
±1
k . Since P2 is DR (directed away from ∅), it follows
that P1 is DR directed away from S = {x1, . . . , xk}. This can also be seen directly as in
Example (3) of Section 2. More general: Take any DR presentation P2. Add generators S =
{x1, . . . , xk} and insert words in S
±1 into the relators of P2 and one obtains a presentation
P1 which is DR directed away from S.
A transformation of spherical diagrams over K(P1) to diagrams over K(P2) can be seen
directly. For every relation r in T1 choose a Van Kampen diagram Dr → K(T2) that
expresses φ0(r) in terms of the s-relations in T2. This is possible because we assumed
that φ0 induces a group homomorphism G(T1) → G(T2). Now given a spherical diagram
f : C → K(P1) we can produce a diagram φ ◦ f : C
′ → K(P2) in the following way. If
e is an edge in C labeled with x, then subdivide it and label it with φ(x). Note that
if x is a generator of T1, then φ(x) is a word in the y generators of T2. If d is a 2-cell
in C labeled with an ri, 1 ≤ i ≤ k from T1, then remove the interior of d and insert
the Van Kampen diagram Dr. If d is a 2-cell in C labeled with ri, k + 1 ≤ i ≤ n, and
insert a relator disc labeled φ(ri). The resulting diagram over K(P2) is φ ◦ f . Using
this transformation we can give a direct proof of Lemma 5.1 without reference to relative
presentations. If f : C → K(P1) is a spherical diagram that contains an edge labeled xi,
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k + 1 ≤ i ≤ n then so does φ ◦ f . Since P2 is DR away from S2, φ ◦ f contains a folding
edge with label xj , k+1 ≤ j ≤ n (not in S2). This edge is present in f and is a folding edge.
A cycle in a graph Γ is a closed edge path in Γ. If P = 〈x1, . . . , xn | r1, . . . , rm〉 is a
presentation then the Whitehead graph W (P ) is the boundary of a regular neighborhood
of the only vertex of K(P ). It is a non-oriented graph on vertices {x+i , x
−
i | i = 1, . . . , n},
where x+i is a point of the oriented edge x of K(P ) close to the beginning of that edge, and
x−i is a point close to the ending of that edge. The positive graph W
+(P ) ⊂ W (P ) is the
full subgraph on the vertex set {x+i | i = 1, . . . , n}, the negative graph W
−(P ) ⊂W (P ) is
the full subgraph on the vertex set {x−i | i = 1, . . . , n}. Let C be a cell decomposition of
an oriented 2-sphere with oriented edges. A sink is a vertex in C with all adjacent edges
pointing towards it, a source is a vertex in C with all adjacent edges pointing away from
it.
Theorem 5.3. Let Q = 〈x1, . . . , xn | r1, . . . , rm〉 be a finite presentation with cyclically
reduced relators of exponent sum 0. Assume that W+(Q) or W−(Q) is a forest. Then Q
is DR directed away from {xk} for each generator xk.
Proof. Assume thatW−(Q) is a forest. Let f : C → K(Q) be a spherical diagram. Since the
relators are assumed to be of exponent sum zero, it follows that C has a sink and a source
vertex. Suppose v is a sink vertex. The link at v gives a cycle z in a connected component
ofW−(Q), which is a tree. Thus, the edges covered by z form a subtree Γ ofW−(Q), which
contains two (or more) distinct vertices of valency one of the set {x−1 , . . . , x
−
n }. Thus the
edges at v in C, all directed towards v, will contain folding edges labelled by two elements
of {x1, . . . , xn}. Thus one of them is labelled by a generator distinct from xk. This implies
that Q is DR directed away from {xk}.
Analogous arguments apply if W+(Q) is a forest for a source vertex of C. 
It was known previously (Gersten [4]) that presentations satisfying the assumptions of
Theorem 5.3 are DR. Lemma 5.1 together with Theorem 5.3 provide a tool for showing
directed DR for presentations. We will discuss this in greater detail in the next section.
If w is a real valued function on the edges of a graph Γ and z = e1 . . . ep is an edge path
in Γ, we write
w(z) =
∑
1≤i≤p
w(ei).
The following is a weight test for directed diagrammatic reducibility. It is a generalized
version of Gerstens weight test (see [4]).
Theorem 5.4. Let Q = 〈y1, . . . , yp, x1, . . . , xn | r1, . . . , rm〉 be a presentation with cyclically
reduced relators. Suppose we can assign non-negative weights ω(e) ≥ 0 to the edges e in
W =W (Q), such that the following conditions hold:
(1) If e is an edge of W that connects (for some i, j ≤ p) yǫi with y
δ
j , (ǫ, δ = ±) then
ω(e) ≥ 1;
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(2) If e is an edge of W and exactly one of its boundary points is y+i or y
−
i (for some
i ≤ p), then ω(e) ≥ 1/2;
(3) If z is a reduced cycle in W , then ω(z) ≥ 2;
(4) Let r be a relator of length d(r) from Q, then
∑
c∈r ω(c) ≤ d(r)− 2.
Then Q is DR directed away from {y1, . . . , yp}.
Proof. Note that conditions (3) and (4) in the statement of the theorem imply that Q
satisfies the standard weight test and it follows that Q is DR. Let h : C → K(Q) be
a spherical diagram. DR implies that there are folding edges in C. Suppose only the
generators y1, . . . , yp occur as labels on folding edges.
Let z be a cycle in W obtained from reading around a vertex in C. If z is reduced then
ω(z) ≥ 2 by condition (3). Suppose z is not reduced. Then z contains consecutive reducing
edge pairs eǫe−ǫ, where ǫ = ±1. For convenience we assume ǫ = 1. The terminal vertex of
e must be y+i or y
−
i for some yi. If the other vertex of e (note that e connects two distinct
vertices inW because we assume that relators in P are cyclically reduced) comes also from
a generator yj, then the pair ee
−1 contributes at least 2 to the weight of z, by condition
(1). Since weights are positive we then have ω(z) ≥ 2.
So suppose the other vertex of e does come from a generator xi. Then, by condition
(2), the edge pair ee−1 contributes at least 1 to the weight of z. So if z contains a second
such edge pair, then the two edge pairs contribute at least 2 to the weight of z, and we
again have ω(z) ≥ 2. Suppose that z contains only one consecutive reducing edge pair
ee−1. Then there is a reduced cycle z′ which consists of edges which also appear in z. By
condition (3) we have ω(z) ≥ ω(z′) ≥ 2.
Since ω(z) ≥ 2 for every cycle in W obtained by reading around a vertex in C, the
combinatorial curvature at every vertex in the spherical diagram C is less or equal to 0.
The combinatorial curvature of the 2-cells in C is also less or equal to 0 by condition (4).
The combinatorial Gauss-Bonnet Theorem now implies that the Euler characteristic of C
is less or equal to 0, which contradicts the fact that C is a sphere. So in h must be a folding
edge labelled by a generator different from one of {y1, . . . , yp}. 
Again, Lemma 5.1 together with Theorem 5.4 provide a method for proving directed
DR for presentations. Details are discussed in the next section.
6. Applications
The small cancellation conditions C(p), T(q) are defined for instance in the book of
Lyndon and Schupp (see [7]).
Theorem 6.1. Let Q be a finite presentation with cyclically reduced relators and S a subset
of the generators. Assume that Q is C(4), T(4) or C(6), T(3) and that no two consecutive
letters in a (cyclically read) relator of Q are generators in S. Then Q is DR directed away
from S.
Proof. We define a weight function w : E → R whereE are the edges of the Whiteheadgraph
W (Q), such that the weight test of Theorem 5.4 is satisfied with S = {y1, . . . , yp}.
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Give each edge e ∈ E, which is in a cycle of length 2 weight 1. Give all other edges in
case C(4), T(4) weight 1/2 and in case C(6), T(3) weight 2/3. So condition (2) of Theorem
5.4 is satisfied. T(4) (or T(3)) implies condition (3) and C(4) (or C(6)) implies condition
(4). Since no two consecutive letters in a (cyclically read) relator of Q are generators of S
there will be no edges in E connecting y±i with y
±
k for some yi, yk ∈ S. So condition (1) is
satisfied also. 
At last we present some applications to labelled oriented trees. A labeled oriented tree
(LOT) P consists of an oriented graph which is a tree, whose oriented edges are labeled
by its vertices. From a labeled oriented tree P we obtain a LOT presentation P : The
generators in P are the vertices of P, and for every oriented edge from a vertex u1 to a
vertex u2, labeled by u3 we have a relation u1u3(u3u2)
−1. Wirtinger presentations read from
knot diagrams are examples of LOT presentations. Much information on labeled oriented
trees and their importance to questions in combinatorial topology and group theory can
be found in Rosebrock [8].
In Rosebrock [9] it is described how to check whether a LOT is C(4), T(4). If a LOT is
C(4), T(4) then Theorem 6.1 implies that it is DR away from any of its generators. But
there is more:
Example 6.2. Consider the LOT Q of Figure 2 with any orientation of its edges. This
LOT is C(4), T(4). If you choose S to be one of the sets
{x1, x2, x5}, {x1, x2}, {x1, x4}, {x1, x5}, {x2, x5}, {x2, x6}, {x2, x7}, {x3, x6}, {x3, x7}, {x4, x7}
then Theorem 6.1 implies that Q is DR away from S.
x1
x3
x2
x4
x3
x5
x4
x6
x5
x7
x6
x1
x7
Figure 2. A labelled oriented tree which is C(4), T(4).
A sub-LOT of a labeled oriented tree P is a connected subgraph T (containing at least
one edge) such that each edge label of T is a vertex of T . A LOT is called compressed if
each relator consists of three different generators. The relators of a LOT presentation of a
compressed LOT are cyclically reduced.
Let P be a compressed LOT and T be a maximal proper sub-LOT with vertex set S.
Let P¯ be the LOT obtained from P by collapsing all of T to a vertex y. Note that P¯ is
compressed also. Every occurrence of a vertex x of T in P − T is replaced by y in P¯ . Let
T , P , P¯ be the corresponding LOT presentations.
Theorem 6.3. If P¯ is DR directed away from y then P is DR directed away from S, the
generators of T . In particular if
(1) W+(P¯ ), or W−(P¯ ) is a tree, or
(2) the Whitehead graph W (P¯ ) does not contain cycles of length less than four,
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then P is DR directed away from S.
Proof. Let T¯ = 〈y | −〉. We can apply Lemma 5.1 to the situation T ⊆ P → T¯ ⊆ P¯ ,
where all generators of T go to y in T¯ . Here are the details. Let S = {x1, . . . , xk} be
the generators of T (the vertices in T ) and let {x1, . . . , xn} be the generators of P (the
vertices in P). Define φ0 : F (x1, . . . , xk) → F (y) to be the map that sends each xi to
y, and φ : F (x1, . . . , xn) → F (y, xk+1, . . . , xn) the extension of φ0 that sends xi to xi for
k + 1 ≤ i ≤ n. Then
〈y, xk+1, . . . , xn | φ(rl+1), . . . , φ(rm)〉
is the LOT presentation P¯ . Here the rj, l+1 ≤ j ≤ m are the LOT relations coming from
the edges in P − T .
Now (1) implies that P¯ is DR away from y by Theorem 5.3 and (2) implies that P¯ is
DR away from y by Theorem 6.1. It follows from Lemma 5.1 that P is DR directed away
from S. 
Example 6.4. Figure 3 below shows a compressed LOT P with a sub-LOT T with ver-
tices S = {x1, . . . , x5}. Below P we see the LOT P¯ obtained from P by collapsing T to
the vertex y.
P
T
u3 u2 u1 x1 x2 x3 x4 x5 u4
x3 x1 x5 u3u1 u3 u4 x1
P¯ u3 u2 u1 y u4
u3u1 u3 u4
Figure 3. The LOT P with sub-LOT T and the LOT P¯
Note thatW+(P¯ ) is a tree, so by Theorem 6.3 P is DR directed away from S. Also observe
that W−(T ) is a tree, so K(T ) is DR, which implies that K(P ) is aspherical. Note that
neither W+(P ) nor W−(P ) is a tree.
The process of collapsing a sub-LOT in a given labeled oriented tree can also be re-
versed: If P¯ is a labeled oriented tree, y is a vertex in P¯ , and T is a labeled oriented tree,
we remove y from P¯ and insert T to obtain a labeled oriented tree P that contains T .
Collapsing T in P to a vertex y brings us back to P¯ . So the previous theorem can also be
stated as follows: If P¯ is a labeled oriented tree that satisfies either condition (1) or (2)
of Theorem 6.3, then inserting any LOT T into P¯ results in a labeled oriented tree P for
which the LOT presentation P is DR directed away from the set S of vertices of T .
LOT presentations P whereW+(P ) orW−(P ) is a tree abound. If a LOT P ′ is obtained
from a LOT P by changing some edge orientations, we call P ′ a reorientation of P. In
In [6] Proposition 5.1, Huck and Rosebrock show that each LOT P has a reorientation P ′
such that its positive Whitehead graph W+(P ′) is a tree. Theorem 5.3 now implies
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Theorem 6.5. Each LOT P has a reorientation P ′ so that P ′ is DR away from any one
of its generators.
In [9] Rosebrock gives conditions on a labeled oriented tree so that condition (2) of
Theorem 6.3 holds. A concrete example is shown in Figure 4.
Example 6.6. Figure 4 below shows a labelled oriented tree P (orientations can be chosen
at will) with a sub-LOT T between u4 and u
′
4 (which can be filled in at will).
P
T
u1 u2 u3 u4 u′4
u5 u6 u7
u3 u4 u5 u6 u7 u1
Figure 4. A labeled oriented tree P with sub-LOT T .
Notice that if we collapse the red sub-LOT T to the vertex y = u4, we obtain a labeled
oriented tree P¯ for which W (P¯) does not contain cycles of length less than four. It follows
from Theorem 6.3 that P is DR away from the vertex set of T .
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